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Experimental studies with ultracold atoms have enabled major breakthroughs
in understanding three-body physics, historically a fundamental yet challenging
problem. This is because the interactions among ultracold atoms can be pre-
cisely varied using magnetically tunable scattering resonances known as Fesh-
bach resonances [1]. The collisions of ultracold atoms have been discovered to
have many universal aspects near the unitarity limit [2–6]. Away from this limit,
many quantum states are expected to be active during a three-body collision,
making the collisional observables practically unpredictable [7]. Here we re-
port a major development in predicting three-body ultracold scattering rates by
properly building in the pairwise van der Waals interactions plus the multi-spin
properties of a tunable Feshbach resonance state characterized by two known di-
mensionless two-body parameters. Numerical solution of the Schro¨dinger equa-
tion then predicts the three-atom collisional rates without adjustable fitting
parameters needed to fit data. Our calculations show quantitative agreement
in magnitude and feature position and shape across the full range of tuning
of measured rate coefficients for three-body recombination [2] and atom-dimer
collisions [8] involving ultracold Cs atoms.
The three-body problem has been intriguing ever since the formulation of Newton’s laws.
In classical mechanics, strongly interacting three-body systems often exhibit chaotic behav-
ior, such that the outcome of a three-body collision can be highly sensitive to the details
of the interactions. The quantum nature of three ultracold atoms makes their collisional
properties strongly dependent on the scattering length, a physical entity with the units of
length that measures a quantum mechanical phase associated with short-range interactions
in a near-zero-energy collision of two atoms. When a magnetic field B is used to tune this
phase by pi near the pole position B0 of an isolated Feshbach resonance, the scattering length
a(B) can take on any value in the range [−∞,+∞] according to [1]
a(B) = abg
(
1− ∆
B −B0
)
(1)
where abg and ∆ are the respective “background” scattering length and the width of the
resonance. While universal two- and three-body properties occur when a(B) is much larger
than the range of the potential between two atoms [9, 10], it has not heretofore been possible
to predict accurate three-body properties when a(B) becomes small.
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The sensitivity of three particle dynamics to the details of short-range interactions is
dictated by the sign of the effective interaction in an abstract coordinate that measures
the overall size of a three-body system, the hyperradius R [11]. When the sign is nega-
tive, three atoms can be accelerated towards small R so that the short-range details be-
come important. The sign and strength of the three-body effective interaction is inherently
determined by spatial dimension and some three-particle symmetries [12]. Remarkably,
Thomas’s early study indicated that the effective interaction is attractive for three iden-
tical bosons, and therefore leads to the so-called Thomas collapse [13] when the range of
the pairwise forces shrinks to zero. Efimov later discovered an infinity of three-body states
supported by this effective attraction, whose energies En follow a simple geometric scaling:
En = E0e
−2npi/s0(n = 0, 1, 2, ...), where the universal constant s0 ≈ 1.00624 [12]. The energy
of the ground Efimov state E0 depends on how the effective attractive interaction cuts off
at small R, and is often referred to as the three-body parameter [9, 10].
In ultracold gases, the formation of Efimov states produces features in the three-body
recombination loss rate coefficient L3 and atom-dimer relaxation rate β that are logarithmi-
cally separated in scattering length a [9, 10]; here L3 describes the loss of atomic density
n in a sample of ultracold atoms, dn/dt = −L3n3. The positions of such features when
a(B) is tuned are connected to the three-body parameter and can therefore manifest three-
body short-range physics. The remarkable experiments on ultracold Cs atoms have —
for the first time — evidenced the formation of Efimov states in three-body recombina-
tion [2] and atom-dimer relaxation [8]. Surprisingly, recent experiments with Cs [3] and
other species [4–6, 14] have further discovered that the first Efimov resonance occurs univer-
sally near a(B) ≈ −9rvdW, where the van der Waals length rvdW = (mC6/~2)1/4/2 is purely
a two-body quantity defined by the strength of the long-range van der Waals interaction C6
and the atomic mass m. This length is 101 a0 for Cs atoms (a0 = 0.0529 nm), much longer
than the range of normal chemical bonding, but much smaller than the size of universal
Efimov states. The binding energy of such states is much less than the corresponding van
der Waals energy scale E . EvdW = ~
2/mr2vdW, which is EvdW/h ≈ 2.7 MHz for Cs atoms.
Although arguments have been presented for the existence of a universal three-body
parameter independent of the details of short-range interactions [15, 16], there is still a
question about how a three-body system behaves when it is not in the universal regime
where |a(B)| ≫ rvdW. Here we employ a new 2-spin van der Waals model that is both simple
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and powerful, yet capable of calculating ultracold three-body scattering observables across
the full range of scattering lengths without knowing the details of short-range interactions.
Our calculations provide numerical evidence that universality also holds in the small a(B)
case previously considered to be non-universal. Our model of an isolated Feshbach resonance
uses a reduced 2-channel model of the multichannel two body physics [17] based on two key
dimensionless parameters: the background scattering length of the open entrance channel
in units of the van der Waals length, rbg = abg/rvdW and the “pole strength” sres of the
closed bound state resonance channel [1] . Both channels are represented by a Lennard-
Jones 6-12 potential with the same C6 [17]. The open channel short range part is selected to
yield the known rbg of the resonance and to have N s-wave bound states. While N can be
varied, the three-body properties in our Cs atom case are generally insensitive to its value
(see Methods). The closed channel differs in magnetic moment from the open channel by
µdif and has a larger, tunable separated atom energy. The coupling of the open and closed
channels is represented by a short-range operator, gaussian in our case, chosen so as to
reproduce sres = (4pi/Γ(
1
4
)2)(abg/rvdW )(µdif∆/EvdW ). Given known values of rbg and sres,
our model contains no adjustable parameters.
By assuming that each atom has two spin states |a〉 and |b〉 with a magnetic moment
difference of µdif , we solve the three-body Schro¨dinger equation in hyperspherical coordi-
nates [18] with length and energy expressed in reduced units of rvdW and EvdW . See the
Methods Section for details. This 2-spin model allows us to tune any desired resonance
scattering length a(B) and solve for the three-body bound state energies, L3 coefficient, and
atom-dimer relaxation rate coefficient β as a function of a(B), given rbg and sres. Conse-
quently, the three-body scattering in our model is completely determined by the coupled
multichannel two-body Feshbach physics together with the universal van der Waals physics
of the near-threshold ro-vibronic states on the energy scale of E . EvdW [1, 19, 20].
Here we compare our three-body calculations with the well established experimental re-
sults for Cs atoms [2, 8] near the Feshbach resonance centered at −11.7G [1, 21]. This reso-
nance has an unnaturally large background scattering length with abg ≈ 1700a0 ≈ 16.8rvdW,
and sres ≈ 560 that greatly exceeds unity, putting the resonance deep in the regime of broad
Feshbach resonances [1]. Since L3 grows rapidly as a
4 for |a| ≫ rvdW, we follow Ref. [2]
and use the three-body recombination length ρ3 = [2m/(
√
3~)L3]
1/4 to show three-body loss
features.
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FIG. 1: Three-body recombination length ρ3 for Cs atoms near the −11.7G Feshbach resonance.
The inset magnifies the recombination minima at small a values. The solid curves are our thermally
averaged calculations using the lowest partial wave only at 10 nK (upper curve) and 200 nK (lower
curve). The experimental points are shown with error bars [2]
The effect of three-body short-range physics is typically gauged by the following crite-
ria: (1) the position, width, and L3 magnitude of Efimov resonant features in three-body
recombination for a < 0; (2) the position of Efimov intereference minima [10] in three-body
recombination for a > 0; (3) the position and magnitude of Efimov resonant features in
atom-dimer relaxation for a > 0. In the universal limit (|a| ≫ rvdW) the above criteria are
not independent, since the Efimov features are connected by the universal relations [9, 10].
Away from this limit, the universal relations are expected to be violated due to contributions
from short-range physics.
Figure 1 compares our calculated ρ3 with experiment [2] at different temperatures. The
overall agreement is surprisingly good, going beyond other theoretical work [15, 22] to explain
the position, magnitude and width of the observed Efimov resonance feature at a ≈ −9rvdW
without fitting parameters. The short-range three-body physics is therefore well captured
in our model by the first criterion. It is also remarkable that such quantitative agreement
extends to the features at small a. The inset of Fig. 1 shows that the first recombination
minimum shifts away from the universal prediction (a = 0) to a ≈ 0.79rvdW , in good
agreement with the experiment. The second minimum is an Efimov interference minimum
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FIG. 2: Atom-dimer relaxation rate β for Cs atoms near the 25G Efimov resonance. The solid
curve is our thermally averaged calculation at 170 nK. The points with error-bars are the Inns-
bruck experimental measurements [8] with a mapped to the measured B using updated values for
a(B) [21].
at a ≈ 1.9rvdW , slightly different from the measured a ≈ 2.1rvdW . This double minimum
structure has not been captured by previous theories [23].
Figure 2 shows the atom-dimer resonance from Ref. [8] that occurs at a > 0 where the first
excited Efimov trimer bound state crosses the atom-dimer collision threshold. However, it
has been puzzling that the observed position in a is about factor of 2 smaller than predicted
by the universal relation. Other theoretical work [22] has proposed a strong dependence
of atom-dimer resonances on short-range physics. But our calculation gives quantitative
agreement of magnitude, position, and width in Fig. 2 between the calculated and measured
atom-dimer relaxation rate. Consequently, in this case the two-body parameters rbg and sres
and the long-range van der Waals interaction are sufficient to define the ultracold three-body
physics without knowing the details of short-range interactions.
Figure 3 shows the calculated three-body energy spectrum near the −11.7G Feshbach
resonance for Cs atoms. The shaded region shows the range of scattering lengths that were
not accessible to the experiment. Nevertheless, to test universality we have calculated the
energy spectrum using the full range of a(B) for an isolated resonance, and thus can resolve
the question [22] on how the first Efimov state crosses the atom-dimer threshold. The
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connection of the three-body energies across the pole of a in Fig. 3 clearly indicates that
the ground Efimov state formed around a = −9rvdW becomes deeply-bound as interactions
get stronger as rvdW/a changes from negative to positive, so that this state (red circles)
does not cross the atom-dimer threshold (red line). In our calculation, this ground Efimov
state is “accidentally” perturbed by a three-body state with d-wave character [24] near
rvdW/a ≈ −0.04. This d-wave state, however, is not universally determined by a (see the
Methods section).
The atom-dimer resonance near a = 5rvdW in Fig. 2 originates from the first excited
Efimov state. The inset in Fig. 3 shows the binding energy and the width of this first
excited Efimov state relative to the atom-dimer threshold. In contrast to the prediction
from the previous universal theory that the three-body binding energy diminishes near the
atom-dimer resonance [9, 10, 22], our calculation shows that the Efimov state broadens and
dissolves into the atom-dimer continuum near the resonance at rvdW/a ≈ 0.2. Moreover,
the crossing point of its energy with the three-body breakup threshold gives the position of
the second Efimov resonance in three-body recombination: a ≈ −185rvdW, if Eq. 1 were to
apply here.
To test the universality in our results, we have also calculated the energy of the ground
Efimov state by adding a short-range three-body force on the order of the two-body one.
The small change in energy, less that 1% even when |a| . rvdW, indicates that the three-
body physics in our study is not affected by short-range three-body forces. The universality
of three-body van der Waals physics is also supported by the continuity of the Efimov state
energies across a = abg in Fig. 3. This finding is surprising, considering the drastic change in
three-body short-range physics due to the discontinuity in the two-body interactions when
a changes from a−bg to a
+
bg. This continuity of the Efimov state energies allows us to test the
universal relations [9, 10] between the three-body recombination peak at a∗− ≈ −9.3rvdW
and the atom-dimer resonance position at a∗+ ≈ 4.7rvdW. The universal relation valid in the
limit |a| → ∞ predicts a∗+/a∗− ≈ 1.06. whereas the measured ratio is 0.45 [8]. Our calculated
value a∗+/a
∗
− ≈ 0.54 confirms the measurement in showing that the universal relation is not
applicable to the first set of three-body features.
Our three-body model can also be applied to other systems with different abg and ssres.
We find that the universal positions of the three-body Efimov features like those discussed
here are more slowly approached in the limit of sres →∞ with |abg| larger than that in the
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FIG. 3: Three-body Efimov energy spectrum for Cs atoms near the −11.7G Feshbach resonance.
The solid and dotted curves are the atom-dimer thresholds calculated with the current two-channel
interactions and the realistic, full coupled-channel interactions [21]. The red circles are the energies
for the ground Efimov state, and the blue circles are for the first excited Efimov state. The vertical
bars give the width of the Efimov states due to the decay into the more deeply bound atom-dimer
channels. The vertical dashed line shows the rvdW/a value where a = abg. The inset shows the
energy of the first excited Efimov state E1 relative to the atom-dimer threshold E2b, where the
vertical bars indicate the width of each level. The grey shaded area shows the range of scattering
length that is not accessible to the experiment, which is restricted to be between 0 G and around
48 G, where an additional d-wave resonance occurs [21].
case we have presented above. For finite, experimentally accessible values of sres there are
typically nonnegligible shifts of the three-body features from their universal positions. As
an example, we have calculated the positions of three-body features near the 550G broad
Cs Feshbach resonance, where abg ≈ 25rvdW and sres ≈ 170 [1]. The first recombination
minimum and atom-dimer resonance are shifted to a ≈ 2.6rvdW and 6.0rvdW, respectively,
in good agreement with observed values at 2.5rvdW [25] and 6.0rvdW [26]. While our new
2-spin van der Waals model looks very promising, it will be important to test it on other
species and resonances of experimental interest.
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METHODS
The total one-body energy U for three atoms i, j, k in a spin state |sisjsk〉 is
U = −(µsi + µsj + µsk)B + usi + usj + usk , (2)
with |si,j,k〉 = |a〉, |b〉, µsi the magnetic moment, and usi,j,k the zero-field, single-atom en-
ergies. The interaction Vij between two atoms is represented by a projection into the sym-
metrized two-body spin basis S|sisj〉:
Vij =
∑
si,sj ,sk
|sk〉〈sk| ⊗ |sisj〉S†vsisj ,s′is′jS〈s′is′j|. (3)
The diagonal interactions vsisj ,sisj are 6-12 Lennard-Jones potentials parameterized by rbg
with their depths tuned to have a few ro-vibrational bound states. The off-diagonal Gaussian
couplings vsisj ,s′is′j ({sisj} 6= {s′is′j}) are centered at small distance and are selected consistent
with the two-body sres parameter.
The numerical technique we use in this study is similar to those used in Refs. [27, 28],
where the hyperspherical coordinates are divided into small and large R regions to apply
the Slow Variable Discretization (SVD) [29] or the standard adiabatic representation [18].
Here we use SVD to solve the numerical difficulty from the sharp avoided crossings in
the adiabatic representation. We symmetrize the three-body wavefunction by imposing its
boundary condition in the hyperangular coordinates for different spin components, in a
similar way to Ref. [30]. Due to the existence of deeply-bound atom-dimer thresholds, the
Efimov states are in fact resonant states with finite lifetime. The positions and widths of
these states are calculated by introducing complex absorbing potentials in the asymptotic
atom-dimer channels.
An important question for the physics of three atoms is the role of the actual two-body
ro-vibrational spectrum. Thanks to the universal properties of two-body van der Waals
interactions [19, 20], the high-lying two-body ro-vibrational states of open-channel character
are well represented in our model. Near isolated Feshbach resonances, the property of the
closed-channel bound resonant state is almost perfectly reproduced in our model. This is
demonstrated in Fig. 3 by the agreement between the atom-dimer thresholds from our two-
channel model and the full coupled-channel two-body calculations. Other ro-vibrational
states that have closed-channel character depend strongly on the rotational constant for a
9
particular vibrational state as well as the details of the hyperfine couplings. Our three-body
calculations indicate that such non-universal states play a minor role in the ultracold physics
for three atoms with total energy near the three-body breakup threshold, so long as their
energies keep away from the threshold for more than a few times of EvdW.
For Cs atoms near the −11.7G Feshbach resonance, there are no near-threshold two-body
rotational states that couple strongly to the s-wave Feshbach state in the range of magnetic
field where experimental measurements were taken [2, 8]. We therefore make the open-
channel potential vaa,aa deep enough to hold three s-wave bound states so that the two-body
ro-vibrational states with open-channel character are well represented. The closed-channel
potential vbb,bb has four s-wave bound states and the lowest state is taken as the Feshbach
state. This configuration gives a physical Frank-Cordon overlap between the Feshbach state
and the open-channel scattering state, and also avoids the interruption from unphysical ro-
vibrational states. Two-body closed channel rotational states may accidentally move near
the three-body breakup threshold and perturb the Efimov state, as described in Ref. [24].
An example is the feature with d-wave character near rvdW/a ≈ −0.025. The positions of
such features have no universal connections to a. Except for such accidental features, our
calculations have proven to be insensitive to the number of bound states in the potentials.
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